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1. Introduction
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If Dy limit doesn’t exist, we usually denote:

_ ... In(N(e)) _ T n(N(e)) _ i BN(e)
Db“"_f]in{}+ In(1) Phox = 15, In(1) and  Dpoy = lim, In(1)
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+ 1. number of squares in a £-grid covering the set
—a 2. smallest number of balls of radius ¢ covering the set

3. smallest number of cubes of side ¢ covering the set
- 4. smallest number of subsets of diameter ¢ covering the set

_.a 5. largest number of disjoint £-balls centered on the set

'J-I--

- Box-counting fractal dimension

l._II-F.
'

Dy < Doy
In case of exact self-similarity, Dy and Dy, are conjectured to be equal
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B(u,e) ={v € V | dist(u,v) < ¢}

D(G,e) ={D C V | (B(d,¢))4ep are pairwise disjoint. }

C(G,e) ={C V|V =Ucec B(c 6)}

Complete Box Cover decision problem:

e Input: G=(V,E),ee R keN
e Qutput: Is there a vertex set C € C(G, ¢) such that |C| = k?

Complete Box Cover minimization problem:

e Input: G=(V,E),e e R
e Output: What is the size of the smaller set C € C(G, ¢)?

Disjoint Box Cover decision problem:

e Input: G=(V,E),ee R keN
e Qutput: Is there a vertex set D € D (G, ¢) such that |D| = k?

Disjoint Box Cover maximization problem:

e Input: G=(V,E),e e R
e Qutput: What is the size of the greater set D € D(G, ¢)?
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D(G,¢) = {D € D(G,¢) | DBC(G, ¢) = |D|}
C(G,¢) = {C € C(G,¢) | CBC(G,¢) = |C|}
TueoreM 2.1. V (D,C) € D(G,¢) X C(G,¢), |D] < |C]

fo.c : D — P(C) defined as follows:
VdeD, foc(d) ={ceC|de B(ce)

A COROLLARY 2.3.1. DBC(-,-) < CBC(-,-)

3

THEOREM 24. VG = (V. E), € € R, (DBC(G,¢) = CBC(G, ¢))
<V (D,C) € D(G,e) X C(G,¢), fpc is bijective.

Disjoint Complete Box Cover decision problem:

e Input: G = (V,E), e e R
e Qutput: Is there a vertex set B € D(G,¢) N C(G,¢)?
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2. Problems

Box Co
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‘Box centers by and b; are called £-consistent if:

V (u1,u2) € B(b1,e) X B(ba, ) NE,

w(uq, us) + max(dist(uy, by), dist(us, bs)) > €

C(G.e)

A box cover B C V is e-consistent if:

Y b1 # b> € B, by and b» are e-consistent

we call D’ (G, ¢) the set of £-consistent box covers
THEOREM 2.6. D(G,¢) C D' (G, ¢) (3 ‘ﬂ);ff

Tueorem 2.7. C(G,e) N D(G,e) = C(G,e) N D' (G, ¢)
UD,e)={veV|AdeD|veB(de)}
0Ce)={oeV|Tctcd eClueBlce)NB(c,e)

THeEOREM 2.8. If DBC(G, ¢) = CDC(G, ¢€), uncovered / overcovered
vertices of optimal disjoint / complete box covers cannot be vertices of
optimal complete / disjoint box covers.
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2. Problems

BC(G, ¢)

THEOREM 2.11. CBC(G,-) is a decreasing function.
TueorREM 2.13. DBC(G, -) is a decreasing function.

THEOREM 2.15. CBC(G, -) is a left-continuous step function.
Tueorem 2.19. DBC(G, -) id a left-continuous step function.

BC(G, ) graph (€} )ie[1.n,]) Eraph
| I T
w
s
2 - ® O T E 2 - o ¢l= Efi |
1 | ® 1[ | ® &= EE:,
| | I |
0 | 2 0 1 >
¢ £

),

THEOREM 2.26. Ve > 0, CBC(-,2¢) < DBC(-, ¢)



2 5 THEOREM 3.1. CBC-DEC, DBC-DEC € NP

0

W s g
g THEOREM 3.2. CBC-DEC and DBC-DEC are NP-complete. —
Q <Y Set Cover decision problem:
s u o Tnput: U = [L 7], § € P(U) such that U = |,cq5, k <[] s =)
D :l: g e Qutput: Is there a subset set " C S such that |§'| = k and
LL X 8 U= USES s? \..p.. mj
( E - QU ¢ Set Packing decision problem:
Q _ .g e Input: U = [[L,n]],S € P(U), k <|S] (:..: H)
m FTH’ » e Output: Is there a subset set S’ C S such that |S’| = k and
Q E E- I}ﬁ (8)ses’ are pairwise disjoint? Q‘-‘ ”)
- |._ o
L L %
: S
Y §.3

THEOREM 3.9. CBC and DBC are NP -hard.
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0 otherwise

Vie [[1n]], b,-—{

i ¥
.'-an."'l
. =

1 ifdist(vj,05) <e¢
0 otherwise

1 if vertex v; is the center of a box :

Vi,je [[Ln]], &;= {

n Lot T
subject to Z Ei,j X Ci b | Vj e [[1, ﬂ]] minimize 1Y SE
= subject to ExC=z=1

ci €{0,1} Vie[[1n] Ce M, ({0,1})

n
maximize > dj maximize 1" xD
i=1

i subject to ExD<1
subject to igl 1, X d! — JE [[ ,I’I]] D e Mﬂ,l({ﬂ: 1})

d; € {0,1} Vie[[Ln]
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THEOREM 4.1. E = max(0, 1 — max(0, % -1))

4. Operational research

THEOREM 4.2. CBC and DBC linear programs are duals.

n
minimize ¥ &
pe]



c;e{0,1} Vi>1

Oriented box cover Fractional box cover
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6. Algorithms
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VuveV, ulyvu

= degy (u) < degy(v)

CBC heuristic consists in picking
as centers of complete box covers
the maximum vertices according
to 2y

DBC heuristic consists in picking

as center of disjoint box covers
the minimum vertices according
to 2y.

Algorithm 7 Greedy approximation algorithm for Complete Box
Cover B
Require: G = (V,E),e e R ¥
Ensure: V = J.ec Blec, ¢)
P—V.C—0
while |P| # 0 do
Choose c in P according to CBC Heuristic
P «— P\ B(c,¢)
C «— CU{c}
end while

Algorithm 8 Greedy algorithm for Disjoint Box Cover

Require: G = (V,E),e e R

Ensure: (B(d,¢)) ep are pairwise disjoint.
P—V,D«0
while |P| # 0 do

Choose d in P according to DBC Heuristic

P« P\ B(de)

D « DU {d}

P—P\{peP|B(de)nB(pe) #0} > i.e we remove
from potential centers the vertices whose boxes would intersect
with the box added to D
end while

THEOREM 6.1. Algorithm 7 is not an approximation for CBC.

THEOREM 6.2. Algorithm 8 is not an approximation for DBC.




Greedy Algorithms

sSion

YZU - CSDBCAFGDC
6. Algorithms

h

e 1. We choose as much centers in the argument box cover as
possible thanks to BC heuristics

e 2. [f the box cover obtained can possibly (or need to) be im-
proved, we run the precedent greedy algorithms on the re-
maining vertices (not belonging to the original cover)

Algorithm 9 Complete Box Cover to Disjoint Box Cover provider

Require: G = (V,E),¢ € R | DBC(G,¢) = CBC(G,¢), C € C(G, ¢) Algorithm 10 Disjoint Box Cover to Complete Box Cover provider
Ensure: (5(d, £))yep are pairwise disjoint. Require: G = (V,E).¢ € R, D € D(G,e)
D ".- n, P F'IIH G{C] Ensure: V = L.le-f_'_' E{C, El‘-l
while |P| # 0 do Ce0PeV\UD)
Choose d in P according to DBC Heuristic while |P| # 0 do

Chosss ¢ n f pld). secording to DIRC Heuiristie Choose ¢ in P according to CBC Heuristic

if B(d.e) Nty ep Bid'. £) = 0 then

d — ¢
P« P\ B(c ¢ P_J;Cfﬁﬁgd,sm
D!—DU{d} C'I'-CU{C}
else end while
Palyid] V' = V\ Ueec Ble.6)
enud i if V' % 0 then
end while ¢’ «— AlgoCBC (G[V']. )
V! — V\ldgep Bid, g) C—Ccuc
if V' # 0 then end if
D' « AlgoDBC (G[V']. )
De—DUD
end if

TueoreM 6.3. Algorithm 9 is not an approximation for CBC to DBC
conversion with DCBC-DEC true and optimal box covers provided.

TueOREM 6.4. Algorithm 10 is not an approximation for DBC to
CBC conversion with DCBC-DEC true and optimal box covers provided.
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ProrosiTiON7.1. YFEF, n =1, u,ve Vg,

ﬂ'!'.'iﬂ-zf..{ u,o) = dish-:F_{ u, o)

ProrosiTiON 7.2. YVFeF, AKeM |Vn = 1,
Yo € V=— min dist{u,v) < Kr"
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THEOREM 7.6. Dy(P)=2 Tueorem 7.7. Dg(T) =2
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TuEOREM 7.5. Dy(5) = e
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D—IF = lim lim lim
= g—T A—r+00 j_n{ ) .-.t'—rﬂ"' f—s+0a ]]1{%]

DionlF) = e In{cn(e)) _ i In{dn(e))

.r-—-l{l"‘ n—vtea In( < 1) =t p—+t00  In( %,]

B B ; BT
3 In{CBC(F,£}) | 4. IniDBC{F.2))
. .g Dyyox (F) I-'-m.r:'-ni-ﬂ" In{:l:] hm&'mﬁﬂ" ]IH:J]—__:I
- In i In({DBC(F.e})
u .§ huE(F} I-I-m-,E'-n-Iﬂ'-l' {E]::::‘ijf#” I-I-m.t_'--l-l}l* f.l‘i{{:]
Q . iufEEE'H." 1 |
: £
S lim,—o+ =77 . In(DBC(F.2))
O I 2 Doy (F) R |- ¢
LL — g
( S L Tueorem 7.1. ¥V F € F,
U U § If DS (F) or Dy (F) does converge, then Df (F) = ng{f']-
m L~ Otherwise, DE_(F) = D4_(F) and D'—' (F) = D"! (F).
@) ¢ box Fox box bax
Q -
g L cn(£) = CBC(Fn,¢) and dn(e) = DBC(Fp,¢)
u I\. TaEOREM 7.4. ¥ F € F, depending on the convergence of Dy, (F):
]
. -ty ety
I\I I—“{ﬂn{‘?” In(d,(£))




CoroLLARY 8.6.1. ¥, £ > 1,

3"_' 3nn2+ln2 (3)
= DBE{SH, E} = EHC[SH,E} -

STy 2 plnz(3) lnz (5]

S

E CoroLLARY 8.6.2. DBC(S,,, £) and CBC(S,,,¢) are @ [ o {3]]

S

'-t CorOLLARY 8.8.1. ¥, £ = 1,

< z"'ﬂ( 3112\ < DBC(P,, £) < CBC(P,, ¢) -:z""lﬂ( 3432 )2

Qk) eelev2) = e TIPS erl+y2

N .
S COROLLARY 8.8.2. DBC(Pr, ¢) and CBC(Py,¢) are 0 ( —2 )

Cororrary 8.10.1. ¥n, > 1,

24~ < DBC(Ty, £) < CBC(Tp.£) < 494

8. Framing

CoroLLARY 8.10.2. DBC(S,. £) and CBC(Sy, €) are 8 (::;;)

Fractal | Sierpinski | Pythagoras | Sierpinski

YZU - CSDBCAFGDC

Triangle Tree Tetrahedron
f(Fa.e) | 38/em00 | 2n/(r41442) 4" [
N 3 2 4
Dy (F) Inz(3) 2 2
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.'E THEOREM 8.11. ¥F € F, ¢ = 0 | DBC(Fy.£) and CBC(Fp, ) _ “'%
® Nr: . N" ] E
3 & ﬂmﬂ( tﬂﬂj”H‘ﬂ) < f(Fn.£) = (e )PHIF) o=
= b i
E M CoroLLARY 8.11.1. ¥F & F, 3¢ = 0| DBC(Fp, £) and CBC(Fp, £)
g jﬁﬁ;ﬂ are ) ((Hcrﬂl"ﬂﬂm] = I(EE) = (& +cr™)~PulF)
-

Cororrary 8.11.2. If we take f [E, E) as an approximation for

box-counting optimum values, Schroeder’s conjecture (“in case of exact
self-similarity, Dg; and Dy, are equal”) is true for fractals in F.

.
!&%50'

Schroede

e

i

8. Framing

The weaker version of this corollary (but which doesn’t require
the validity of the approximation) is:

YVFeF, K} X Dy(F) € Dyox(F) < Ky x Dg(F)
k- =_=':'_ :\,wh.{‘.':‘fk___. iw,ﬁ-g\ﬂé-"% ﬁ-ﬂ
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9. Testing
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- computation Java framework results

Approx Dy (Fn)

BC(Fy, ) approximations

- TP [ ' ' —e— CBC
r - E: 10° 3 E
| 2 v -
ot 2 1
cr el 5 10 E K
Wi y 10° | E ."'.=: 1
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C e 2; 12 L 3 .i:l-:
g : Fe.
23] - -
5 10k E .
! &
| -
10t | ):
£
10° | | ' E r —o— CBC .
- : —e—DBC
: -
=] lni - E
g . e
& By
‘t L =~ 5
. 10° 1 : 1 E =i l
1 0 [ B 10 12 14 16 5
£
Dipox (S) approximation Dpox (P) approximation Dyo (T) approximation
2 | 1 T T T I 2.5 ] | L
—o— CBC ~a— CBC -8~ CBC
1.8 =8 DBC —e— DBC —e— DBC
S Dbox (S) — Dbox(P) — Dbox(T}
1.6 -
N i |
1.4 - \
1.2+
1 15} ©
= | | | | | | | |
4 6 2 4 6 8 3 4 5
n-th iteration n-th iteration n-th iteration
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Thank you for your
attention

ANY QUESTIONS ?
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